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Abstract
The calculation of the transverse muon polarization in K+ → µ+νγ decay due to the final
state interaction up to O(p6) CHPT level has been carried out. It is shown that O(p6)
corrections to the observable is much less than O(p4) contribution.
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1 Introduction
Despite considerable success of the Standard Model(SM) in predictions of many experiments
the question about the mechanism of CP -violation still remains unresolved. In the framework
of SM CP -violation results from the nonzero phase in CKM matrix, but there are many
models with different mechanisms of CP -violation. In order to reveal the mechanism of
this phenomena it is interesting to measure physical observables that are very sensitive to
CP -violation beyond SM.
In our paper we will consider transverse muon polarization in K+ → µ+νγ decay. CP -
violating contribution to this observable in the framework of SM is negligible. At the same
time some mechanisms of CP -violation different from that in SM could give considerable
contribution to the value of the transverse polarization[1]. That is why it is interesting to
measure the transverse muon polarization at experiment.
In addition to the negligible CP -violating contribution the nonzero value of the transverse
muon polarization in the framework of SM can originate from final state interaction effect
what can be a real obstacle in a new physics searches. The effect of final state interaction
was considered in papers [2, 3] up to O(p4) in CHPT. It was shown that the average value
of the transverse polarization is PT = 5.6 × 10−4. Unfortunately, current experiments are
unable to reach the accuracy comparable to the predictions in the framework of SM( for
instance the accuracy of KEK-E246 experiment is ∼ 10−2[4]) But, future experiments will
be able measure the transverse muon polarization in K+ → µ+νγ decay with sufficient
accuracy. For instance, it is planning to get ∼ 1010 events of this decay for one year at the
experiment JHL[5]. Such statistic allows one to measure the transverse muon polarization
with the accuracy ∼ 10−4 − 10−5.
Obviously high accuracy in measurement of the transverse muon polarization imposes
additional requirements to the theoretical prediction for the value of this observable in the
framework of SM due to the final state interaction effect. The aim of our paper is to consider
the effect of final state interaction up to O(p6) in CHPT.
Our paper is organized as follows: next section is devoted to calculation of the transverse
muon polarization up to O(p6) in CHPT. In last section we present the discussion of the
results obtained in our paper.
2 Transverse muon polarization in K+ → µ+νγ decay
The K+ → µ+νγ decay at tree level of SM is described by the diagrams shown in Fig. 1.
The diagrams in Fig. 1b and 1c correspond to the muon and kaon bremsstrahlung, while
the diagram in Fig. 1a corresponds to the structure radiation. This decay amplitude can be
written as follows
M = ie
GF√
2
V ∗usε
∗
µ
(
fKmµu(pν)(1 + γ5)
( pµK
(pKq)
− (pµ)
µ
(pµq)
− qˆγ
µ
2(pµq)
)
v(pµ)−Gµνlν
)
, (1)
where
lµ = u(pν)(1 + γ5)γµv(pµ) ,
Gµν = iFv ε
µναβqα(pK)β − Fa (gµν(pKq)− pµKqν) , (2)
2
GF is the Fermi constant, Vus is the corresponding CKM matrix element, fK is the K-meson
leptonic constant, pK , pµ, pν , q are the kaon, muon, neutrino, and photon four-momenta,
correspondingly, and εµ is the photon polarization vector. Fv and Fa are the kaon vector and
axial formfactors. Here it is worth to mention that formfactors Fv and Fa do not depend on
the momentum of virtual W -boson and are equal to
F 0v =
0.095
mK
, F 0a = −
0.043
mK
. (3)
But if one considers these formfactors at O(p6) level there appears the dependence on the
momentum of virtual W -boson. The calculation of this dependence was carried out in
paper [7]. Unfortunately it is not possible to use this result since there are many unknown
constants. That is why the model of vector meson dominance will be used in our calculation:
Fv(W
2) =
F 0v
1−W 2/M2K∗
≃ F 0v (1 +
W 2
M2K∗
)
Fa(W
2) =
F 0a
1−W 2/M2K1
≃ F 0a (1 +
W 2
M2K1
), (4)
where the following designations are used: MK∗,MK1- the masses of K
∗ and K1 mesons,
W 2 = (pK−q)2. In Eq. (2) we use the following definition of Levi-Civita tensor: ǫ0123 = +1.
The partial width of the K+ → µ+νγ decay in the K-meson rest frame can be expressed
as
dΓ =
∑ |M |2
2mK
(2π)4δ(pK − pµ − q − pν) d
3q
(2π)32Eq
d3pµ
(2π)32Eµ
d3pν
(2π)32Eν
, (5)
where summation over muon and photon spin states is performed.
Introducing the unit vector along the muon spin direction in muon rest frame, ~s, where
~ei (i = L, N, T ) are the unit vectors along the longitudinal, normal and transverse compo-
nents of muon polarization, one can write down the matrix element squared for the transition
into the particular muon polarization state in the following form:
|M |2 = ρ0[1 + (PL~eL + PN~eN + PT~eT ) ·~s] , (6)
where ρ0 is the Dalitz plot probability density averaged over polarization states. The unit
vectors ~ei can be expressed in terms of the three-momenta of final particles:
~eL =
~pµ
|~pµ| ~eN =
~pµ × (~q × ~pµ)
|~pµ × (~q × ~pµ)| ~eT =
~q × ~pµ
|~q × ~pµ| . (7)
With such definition of ~ei vectors, PT , PL, and PN denote transverse, longitudinal, and
normal components of the muon polarization, correspondingly. It is convenient to use the
following variables
x =
2Eγ
mK
, y =
2Eµ
mK
, λ =
x+ y − 1− rµ
x
, rµ =
m2µ
m2K
, (8)
where Eγ and Eµ are the photon and muon energies in the kaon rest frame.
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The Dalitz plot probability density, as a function of the x and y variables, has the form:
ρ0 =
1
2
e2G2F |Vus|2 ·
(4m2µ|fK |2
λx2
(1− λ)
(
x2 + 2(1− rµ)(1− x− rµ
λ
)
)
+ m6Kx
2(|Fa|2 + |Fv|2)(y − 2λy − λx+ 2λ2)
+ 4 Re(fKF
∗
v ) m
4
Krµ
x
λ
(λ− 1)
+ 4 Re(fKF
∗
a ) m
4
Krµ(−2y + x+ 2
rµ
λ
− x
λ
+ 2λ)
+ 2 Re(FaF
∗
v ) m
6
Kx
2(y − 2λ+ xλ)
)
. (9)
Calculating the muon transverse polarization PT we follow the original paper [7] and assume
that the decay amplitude is CP -invariant, and formfactors fK , Fv, and Fa are real. In this
case the tree level muon polarization PT = 0. When one-loop contributions are incorporated,
the nonvanishing muon transverse polarization can arise due to the interference of tree-level
diagrams and imaginary parts of one-loop diagrams, induced by the electromagnetic final
state interaction.
To calculate the imaginary parts of formfactors one can use the S-matrix unitarity:
S+S = 1 (10)
and, using S = 1 + iT , one gets
Tfi − T ∗if = i
∑
n
T ∗nfTni , (11)
where i, f, n indices correspond to the initial, final, and intermediate states of the particle
system. Further, using the T -invariance of the matrix element one has
ImTfi =
1
2
∑
n
T ∗nfTni , (12)
In the framework of SM one-loop diagrams that contribute to the muon transverse polar-
ization in the K+ → µ+νγ decay, are shown in Fig. 2. The calculation of the transverse
muon polarization up to O(p4) has already been carried out in papers [2, 3]. The calculation
of O(p6) corrections to the observable will be done taking into the account the dependence
of the formfactors Fv, Fa on the momentum of virtual W -boson. In other words one should
carry out similar calculation as was done in papers [2] with the substitution :
F 0v → F 0v (1 +
W 2
M2K∗
)
F 0a → F 0a (1 +
W 2
M2K1
). (13)
The contribution of O(p6) corrections to the transverse muon polarization can be separated
into two parts. The calculation of the first part is very simple: one should make substitution
(13) in the expressions obtained in paper [2]. Let us proceed with the calculation of the
second part.
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As it was already noted the diagrams that give nonzero contribution to the transverse
muon polarization are presented in Fig. 2. The diagrams presented in Fig. 2 a,b,e,f do
not lead to the additional O(p6) contribution due to the replacement (13). The diagram
in Fig. 2g will give additional contribution to the the transverse muon polarization if one
regards O(p6) corrections. But O(p4) contribution of this diagram is strongly suppressed
because of suppression of the intermediate state phase space. We will suppose that the
same suppression holds for O(p6) contribution of this diagram to the whole answer of O(p6)
corrections and we will not regard this diagram in further analysis. As the result the only
diagrams presented in Fig. 2 c,d will be considered in our paper. Using expression (12) it is
possible to write imaginary parts of these diagrams. The contribution of diagram in Fig. 2c
has the form
ImM1 =
ieα
2π
GF√
2
V ∗usu(pν)(1 + γ5)
∫
d3kγ
2ωγ
d3kµ
2ωµ
δ(kγ + kµ − P )Rµ ×
(kˆµ −mµ)γµ qˆ + pˆµ −mµ
(q + pµ)2 −m2µ
γδε∗δv(pµ) (14)
The contribution of diagram in Fig. 2c has the form
ImM2 =
ieα
2π
GF√
2
V ∗usu(pν)(1 + γ5)
∫
d3kγ
2ωγ
d3kµ
2ωµ
δ(kγ + kµ − P )Rµ ×
(kˆµ −mµ)γδε∗δ
kˆµ − qˆ −mµ
(kµ − q)2 −m2µ
γµv(pµ), (15)
where we have used the following designation
Rµ = −iF 0v
( W 2
M2K∗
)
εµναβ(kγ)
α(pK)
βγν + F 0a
( W 2
M2K1
)
(γµ(pKkγ)− (pK)µkˆγ) . (16)
The integrals that appear in (14), (15) are given in Appendix.
The expression for the amplitude including ImM1 +ImM2 can be written as:
M = ie
GF√
2
V ∗usε
∗
µ
(
f˜Kmµu(pν)(1 + γ5)
( pµK
(pKq)
− (pµ)
µ
(pµq)
)
v(pµ) +
F˜nu(pν)(1 + γ5)qˆγ
µv(pµ)− G˜µν lν
)
, (17)
G˜µν = iF˜v ε
µναβqα(pK)β − F˜a (gµν(pKq)− pµKqν) . (18)
The f˜K , F˜v, F˜a, and F˜n formfactors include one-loop contributions from the diagrams shown
in Figs. 2. The choice of the formfactors is determined by the matrix element expansion into
set of gauge-invariant structures.
Since we are interested in the contributions of imaginary parts of one-loop diagrams only
(since they lead to a nonvanishing value of the transverse polarization), we neglect the real
parts of these diagrams and assume that Ref˜K , ReF˜v, ReF˜a coincide with their tree-level
values, fK , Fv, Fa, correspondingly, and ReF˜n = −fKmµ/2(pµq). Using the expresions of
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the integrals given in Appendix it is not difficult to calculate O(p6) contribution. But the
explicit result is rather cumbersome and we will not present it in our paper.
The muon transverse polarization can be written as
PT =
ρT
ρ0
, (19)
ρT = −2m3Ke2G2F |Vus|2x
√
λy − λ2 − rµ
(
mµ Im(f˜K F˜
∗
a )(1−
2
x
+
y
λx
) +
mµ Im(f˜KF˜
∗
v )(
y
λx
− 1− 2 rµ
λx
) + 2
rµ
λx
Im(f˜KF˜
∗
n)(1− λ) +
m2Kx Im(F˜nF˜
∗
a )(λ− 1) +m2Kx Im(F˜nF˜ ∗v )(λ− 1)
)
(20)
3 Discussion
For the numerical calculations we use the following formfactor values:
fK = 0.16 GeV, F
0
v =
0.095
mK
, F 0a = −
0.043
mK
.
The fK formfactor is determined from experimental data on kaon decays [9], and F
0
v , F
0
a
ones are calculated at the one loop-level in the Chiral Perturbation Theory [6].
Averaged value of the transverse muon polarization integrated over the physical region
with the cut on photon energy Eγ > 20 MeV is equal to
〈P SMT 〉 = 3× 10−6 . (21)
The level curves of O(p6) corrections to the transverse muon polarization are shown in
Fig. 3. From this figure one sees that the characteristic value of O(p6) corrections to the
observable under consideration is about 10−5−10−6. To compare O(p6) corrections with the
transverse muon polarization with O(p4) result obtained in paper [2] the three-dimensional
distribution and level curves of the muon transverse polarization are shown in Fig. 4 and
Fig. 5.
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Appendix
For the the integrals which contribute to (14) and (15), we use the following notations:
P = pµ + q
dρ =
d3kγ
2ωγ
d3kµ
2ωµ
δ(kγ + kµ − P )
It should be noted that most of integrals in expressions (14) and (15) were calculated in
paper [2]. There are only two integrals to be calculated. The first integral has the form:
∫
dρkαγ k
β
γk
δ
γ = a14(g
αβP δ + gαδP β + gβδP α) + b14P
αP βP δ .
It is easy to express the coefficients a14, b14 through the coefficient a13, that was determined
in paper [2]:
a14 =
(P 2 −m2µ)
2P 2
a13 ,
b14 = −3
(P 2 −m2µ)
(P 2)2
a13
Second integral has the form:
∫
dρ
kαγ k
β
γk
σ
γk
ρ
γ
(pµ − kγ)2 −m2µ
= a6(g
αβgσρ + gασgβρ + gαρgβσ) + (22)
b6(g
αβP σP ρ + gασP βP ρ + gαρP βP σ + gβσP αP ρ + gβρP αP σ + gσρP αP β) +
c6(g
αβvσρ + gασvβρ + gαρvβσ + gβσvαρ + gβρvασ + gσρvαβ) +
d6(g
αβpσµp
ρ
µ + g
ασpβµp
ρ
µ + g
αρpβµp
σ
µ + g
βσpαµp
ρ
µ + g
βρpαµp
σ
µ + g
σρpαµp
β
µ) +
e6P
αP βP σP ρ + f6(P
αP βP σpρµ + P
αP βpσµP
ρ + P αpβµP
σP ρ + pαµP
βP σP ρ) +
g6(v
αβvσρ + vασvβρ + vαρvβσ) +
h6(p
α
µp
β
µp
σ
µP
ρ + pαµp
β
µP
σpρµ + p
α
µP
βpσµp
ρ
µ + P
αpβµp
σ
µp
ρ
µ) + i6p
α
µp
β
µp
σ
µp
ρ
µ,
where the following designation was used: vαβ = P αpβµ + p
α
µP
β. The coefficients in this
integral can be expressed through the integrals calculated in paper[2]:
i6 =
Ppµ
pµq
c5 − 3
4
P 2
pµq
e5 (23)
d6 = − pµq
3P 2
(Ppµ c5 − pµq i6)
h6 =
1
P 2
(pµq c5 − Ppµi6)
g6 =
1
2P 2
(pµq e5 − Ppµ h6 − d6)
c6 = −1
2
(2Ppµ g6 +m
2
µ h6)
8
a6 = −(Ppµ c6 +m2µ d6)
b6 = − 1
Ppµ
(m2µ c6 +
1
2
a14)
f6 = − 1
Ppµ
(b6 + 2m
2
µ g6)
e6 = − 1
Ppµ
(m2µ f6 +
1
2
b14)
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